Subnormal structure of classical groups over Banach algebra  by You, Hong & Zhou, Xuemei
Journal of Algebra 357 (2012) 222–230Contents lists available at SciVerse ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Subnormal structure of classical groups over Banach algebra
Hong You a,b,∗,1, Xuemei Zhou a
a Research Center of Science, Harbin Institute of Technology, Harbin 150001, PR China
b Department of Mathematics, Soochow University, Suzhou 215006, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 25 November 2010
Available online 2 March 2012
Communicated by Leonard L. Scott, Jr.
MSC:
20H25
19G38
Keywords:
Quadratic group
Relative elementary subgroup
Generalized sandwich theorem
Banach algebra
Let (R,Λ) be a Banach algebra with form parameter Λ, and let
( J ,Γ ) be a form ideal of (R,Λ). We obtain a complete description
of all subgroups of the quadratic groups Q2n(R,Λ) which are nor-
malized by relative elementary subgroup EQ2n( J ,Γ ) for all n 4.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let R be an associative ring with identity 1 and assume that an anti-automorphism ∗ : x → x∗ is
deﬁned on R such that (x+ y)∗ = x∗ + y∗ , (xy)∗ = y∗x∗ , and x∗∗ = εxε∗ for some unit ε = ε∗−1 and
all x, y in R . Clearly, ∗ also determines an anti-automorphism of the ring Mn(R) of all n by n matrices
(xij) by (xij)∗ = (x∗ji).
Set Λmin = {x − x∗ε | x ∈ R} and Λmax = {x ∈ R | x = −x∗ε}. A form parameter Λ is an additive
subgroup of R such that
(1) Λmin ⊆ Λ ⊆ Λmax,
(2) r∗Λr ⊆ Λ for all r ∈ R .
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deﬁne Γmax = I ∩ Λ and Γmin = {x− x∗ε | x ∈ I} + {x∗ξx | ξ ∈ Λ, x ∈ I}.
A relative form parameter Γ in (R,Λ) of level I is an additive subgroup of I such that
(1) Γmin ⊆ Γ ⊆ Γmax,
(2) r∗Γ r ⊆ Γ for all r ∈ R .
The pair (I,Γ ) is called a form ideal of the form ring (R,Λ). We denote the set of Λ-anti-
Hermitian matrices by
AHn(R,Λ) =
{
(aij) ∈Mn(R)
∣∣ aij = −a∗jiε for i = j and aii ∈ Λ, i = 1, . . . ,n}.
Following [1,10], we deﬁne the quadratic groups (which depends on ∗, ε,Λ)
Q2n(R,Λ) =
{(
α β
γ δ
)
∈ GL2n(R)
∣∣∣ α∗δ + γ ∗εβ = 1n, α∗γ ,β∗δ ∈ AHn(R,Λ)
}
.
When ∗ is identical on R and ε = −1, Q2n(R) is the symplectic group. When ε = 1, Λ = 0, Q2n(R) is
the ordinary orthogonal group. When ε = 1, but ∗ is not trivial on R and Λ = Λmax, Q2n(R,Λ) is the
standard unitary group. Note that when Λ = Λmax,
Q2n(R,Λ) = U2n(R) =
{
ϑ ∈ GL2n(R)
∣∣ ϑ∗ϕnϑ = ϕn},
where ϕn =
(
0 1n
ε1n 0
)
.
In general, Q2n(R,Λ) ⊆ U2n(R); hence, ϑ−1 = ϕ−1n ϑ∗ϕn for any ϑ ∈ Q2n(R,Λ), and if ϑ =
(
α β
γ δ
)
then
ϑ−1 =
(
ε∗δ∗ε ε∗β∗
γ ∗ε α∗
)
. (1.1)
With n ﬁxed, for any 1  k  2n set σk = k + n if k  n and σk = k − n if k > n. For a ∈ R and
1  i = j  2n we deﬁne the elementary quadratic matrices (e.q.m. for abbreviation) ρi,σ i(a) which
is called long root element, and ρi j(a) with j = σ i which is called short root element as follows:
ρi,σ i(a) = 12n + aEi,σ i with a ∈ Λ when n + 1  i and a∗ ∈ Λ when i  n, ρi j(a) = ρσ j,σ i(−a′) =
12n + aEij − a′Eσ j,σ i with a′ = a∗ when i, j  n; a′ = ε∗a∗ when i  n < j; a′ = a∗ε when j  n < i;
and a′ = ε∗a∗ε when n+ 1 i, j, where Eij denotes the matrix with 1 in the position (i, j) and zeros
elsewhere. In the following of the article, if no confusion appears we sometimes use ε′ to denote 1,
ε or ε∗ , and write a′b, ab′ as ′ab, where a,b ∈ R , for convenience.
We denote by EQ2n(R,Λ) the subgroup of Q2n(R,Λ) generated by all elementary quadratic ma-
trices. For a form ideal (I,Γ ) of (R,Λ), an e.q.m. ρi j(a) is called elementary of level (I,Γ ) if a ∈ I
when j = σ i, and a ∈ Γ or a∗ ∈ Γ when j = σ i. The subgroup of Q2n(R,Λ) generated by e.q.m. of
level (I,Γ ) is denoted by FQ2n(I,Γ ) and the normal subgroup of EQ2n(R,Λ) generated by FQ2n(I,Γ )
is denoted by EQ2n(I,Γ ).
Let (I,Γ ) be a form ideal of (R,Λ). The principal congruence subgroup Q2n(I,Γ ) of level (I,Γ )
in Q2n(R,Λ) is deﬁned as
Q2n(I,Γ ) =
{(
α β
γ δ
)
∈ Q2n(R,Λ)
∣∣∣ (α β
γ δ
)
≡ 12n (mod I), and α∗γ ,β∗δ ∈ AHn(R,Γ )
}
,
whereas the full congruence subgroup CQ2n(I,Γ ) is deﬁned as
CQ2n(I,Γ ) =
{
g ∈ Q2n(R,Λ)
∣∣ [g,Q2n(R,Λ)]⊆ Q2n(I,Γ )}.
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i.e.,
CQ2n(I,Γmax) = ϕ−1I
(
Center
(
Q2n(R/I,Λ/Γmax)
))
,
where ϕI denotes the canonical projection: R → R/I .
Let J , I be two ∗-invariant ideals of R , and k, l two non-negative integers. Deﬁne
I : ( J l, Jk)= {r ∈ R ∣∣ J lr Jk + Jkr J l ⊆ I}.
It is easy to check that I : ( J l, J k) is a ∗-invariant ideal of R .
A subgroup H ⊂ G is called subnormal if there is a chain
Hd = H  Hd−1  · · · H0 = G (1.2)
of subgroups of the group G , where Hi  Hi−1 means that Hi is a normal subgroup of Hi−1. If this is
the case, we write H d G .
Let GLn(R) be the group of invertible n by n matrices over R , En(R) the subgroup of GLn(R)
generated by all elementary matrices ei j(a) = 1n + aEi j , where a ∈ R . For any ideal I of R , Cn(R, I)
denotes the full pre-image of the center of GLn(R/I). Let En(I) be the subgroup of GLn(R) generated
by all ei j(a) where a ∈ I , and let En(R, I) denote the normal closure of En(I) in En(R).
The key to classifying the subnormal subgroups of the general linear groups GLn(R) over a ring R
with 1 is to prove that (see [9,14])
En
(
R, Im
)⊂ H ⊂ Cn(R, I) (1.3)
for some ideal I of R , where m = f (d,n) is a function of d and n, and Im denotes the ideal of R
consisting of sums of products of m elements of I .
From the 1970s to the early 1990s, J. Wilson [12], A. Bak [2], F. Li and M. Liu [6], N. Vavilov [11]
and L. Vaserstein [7,9] presented and improved the bound of m (see (1.3)) several times under the
conditions: R is a commutative ring (see [2,6,7,9,11,12]), R satisﬁes the stable range condition (see
[2,9]), and R is a Banach algebra (see [9]). One can see [5] for further reference.
Parallel to the linear group, A. Bak [2] posted the following conjecture concerning the classiﬁcation
of the subnormal subgroups of quadratic groups. The conjecture now can be summarized as follows
(which is called ‘generalized sandwich classiﬁcation’).
If H is a subgroup of the quadratic groups Q2n(R,Λ) over a commutative form ring which is
normalized by a relative elementary subgroup EQ2n( J ,Γ ), then there exist a relative elementary sub-
group contained in H and a relative full congruence subgroup containing H .
G. Habdank [4] settled Bak’s conjecture positively with quadratic stable conditions and 2 invertible
on the commutative ring. Z. Zhang [14,15] proved the conjecture for stable unitary group (quadratic
group) U(R,Λ) = limn→∞ U2n(R,Λ) and studied the non-stable case of unitary groups over a com-
mutative ring with 2 invertible. H. You [13] gave a complete description for Q2n(R,Λ) with n  4
without any assumption regarding the commutative ring with identity.
From now on, R denotes a Banach algebra with 1. Because 2 is invertible in Banach algebra,
Λmin = Λmax. Thus, for any ∗-invariant ideal I ⊆ R , there is a unique choice of form parameter, i.e.,
Γ I = Γ Imin = Γ Imax. Therefore, we write EQ2n(I,Γ I ), Q2n(I,Γ I ) and CQ2n(I,Γ I ) as EQ2n(R, I), Q2n(R, I)
and CQ2n(R, I) respectively.
In this article, we give an answer of Bak’s conjecture for Banach algebra. The main result is stated
as follows.
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H be a subgroup of Q2n(R,Λ), n  4, which is normalized by EQ2n(R, J ). Suppose that (I,Γ I ) is the largest
form ideal with the property EQ2n(R, I) ⊆ H. Then H satisﬁes a sandwich property
EQ2n(R, I) ⊆ H ⊆ CQ2n
(
R, I : ( J4, J5)).
2. Elementary facts
In this section we state and prove several preparatory lemmas concerning some properties of
elementary subgroups of Q2n(R,Λ).
Lemma 2.1. (See [3,10].) The following identities hold for e.q.m. (1 i = j  2n).
(i) ρi j(a + b) = ρi j(a)ρi j(b),
(ii) [ρi j(a),ρ jk(b)] = ρik(ab) when i, j,k, σ i, σ j, σk are all distinct,
(iii) [ρi j(a),ρ j,σ i(b)] = ρi,σ i(ab − c) when j = σ i, where c = b∗a∗ε when n + 1 i and c = ε∗b∗a∗ when
i  n,
(iv) [ρi j(a),ρ j,σ j(b)] = ρi,σ j(ab)ρi,σ i(c) when j = σ i, where
b∗ ∈ Λ and c = aba∗ when i, j  n,
b∗ ∈ Λ and c = aba∗ε when j  n < i,
b ∈ Λ and c = −ab∗a∗ when i  n < j,
b ∈ Λ and c = −ab∗a∗ε when n + 1 i, j.
The following matrices are in Q2n(R,Λ) and we call them quadratic permutation matrices:
(1) ωi j =
(
Pij
(P∗i j)
−1
)
where Pij is an (i, j)-permutation matrix, (2.1)
(2) πi,σ i =
(
1n − Eii Eii
εEii 1n − Eii
)
. (2.2)
Proposition 2.2. (See [8].) Let n 3. Then for any ∗-invariant ideal I = I∗ of R
(i) EQ2n(R, I) is a normal subgroup of Q2n(R,Λ),
(ii) EQ2n(R, I) = [EQ2n(R),Q2n(R, I)] = [EQ2n(R),CQ2n(R, I)] = [EQ2n(R, I),Q2n(R,Λ)].
For g = (gij) ∈ Q2n(R), o(g) denotes the ideal of R generated by all gij with i = j and all rgii − g jjr
with r ∈ R . It is clear that g ∈ CQ2n(R,o(g)). The identity: gg−1 ≡ 12n (mod o(g)) implies that o(g) =
o(g−1) and o(g) is ∗-invariant by (1.1).
Lemma 2.3. Let g ∈ Q2n(R) with n  3, and ρ = ρi j(a) an elementary quadratic matrix. If [g,ρ] = u12n for
some u ∈ Cent(R×) (R× , the set of invertible elements in R), then [g,ρ] = 12n.
The proof is similar to that of Lemma 24 in [9].
Lemma 2.4. Let g ∈ Q2n(R). Then, g ∈ CQ2n(R, (0 : J )) if and only if [g,ρi j(a)] = 12n for all ρi j(a) ∈
EQ2n(R, J ). In turn, this is equivalent to the similar condition [g,ρi j(a)] = 12n for all short root elements
ρi j(a) with a ∈ J and j = σ i.
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[ρkl(r)g, ρkl(r)ρi j(a)] = 12n , where r ∈ R and ρ g denotes ρgρ−1.
Then, [g,ρi j(a)] = 12n if and only if
(i) agij = gija = a∗gij = gija∗ = 0 when j = σ i,
(ii) a(rgii − g jjr) = (rgii − g jjr)a = a∗(rgii − g jjr) = (rgii − g jjr)a∗ = 0, where r ∈ R , when j = σ i,
(iii) a(rgii − gσ i,σ ir) = (rgii − gσ i,σ ir)a = 0, a ∈ J ∩ Λ or a∗ ∈ J ∩ Λ.
Note that a(rgii − gσ i,σ ir) = a(rgii − g jjr + g jjr − rgkk + rgkk − gσ i,σ ir), where j = i, σ i,k; k = i,
σ i, σ j; r ∈ R . Taking a ∈ J ∩ Λ or a∗ ∈ J ∩ Λ, and applying (ii) and the note, we have that if
[g,ρi j(a)] = 12n for all short root elements ρi j(a) with a ∈ J , then [g,ρi,σ i(a)] = 12n for all long
root elements ρi,σ i(a) with a ∈ J ∩ Λ or a∗ ∈ J ∩ Λ. This proves the second assertion. 
Lemma 2.5. Let H be a subgroup of Q2n(R), n  3, normalized by EQ2n(R, J ) and let g ∈ H. Let t ∈ Q2n(R)
and hi ∈ EQ2n(R, J ), i = 1,2, . . . ,k. Thus,
[· · · [[tgt−1,h1],h2], . . . ,hk] ∈ t H = tHt−1.
Proof. Recall that by Proposition 2.2 EQ2n(R, J ) is a normal subgroup of Q2n(R). If [tgt−1,h1] =
tg′t−1 ∈ t H then t(t−1h2t)g′(t−1h−12 t)t−1 ∈ t H . So, we need to only show that [tgt−1,h1] ∈ t H . Since
[tgt−1,h1] = tgt−1h1tg−1t−1h−11 = t(gt−1h1tg−1t−1h−11 t)t−1, and the term in the parentheses belongs
to H , we obtain the conclusion. 
Lemma 2.6. Suppose that H is a subgroup of Q2n(R), n  3, normalized by EQ2n(R, J ). Let g ∈ H but g /∈
CQ2n(R, I : ( J l, J k)), where I , J are ∗-invariant ideals of R and l, k are non-negative integers. Then there
exists at least one non-diagonal entry gij of t g = tgt−1 , where t ∈ EQ2n(R), such that J l gi j J k /∈ I . Moreover,
there is a short root element ρ jh(d), where d ∈ J , h = σ j, σ i, such that [t g,ρ jh(d)] /∈ Q2n(R, I : ( J l, J k−1)).
Proof. By the deﬁnition of CQ2n(R, I : ( J l, J k)) and o(g), there exists at least one non-diagonal entry
gij of g or rgii − g jjr for some r ∈ R in o(g) that does not lie in I : ( J l, J k). If gij /∈ I : ( J l, J k), we
are done. Suppose that all non-diagonal entries of g lie in I : ( J l, J k) but rgii − g jjr /∈ I : ( J l, J k) for
some r ∈ R and some i = j. We claim that there is a j = i, σ i such that rgii − g jjr /∈ I : ( J l, J k) for
some r ∈ R . If only rgii − gσ i,σ ir /∈ I : ( J l, J k) and all rgii − gllr ∈ I : ( J l, J k), where l = i, σ i, then
rgii − gσ i,σ ir + gσ i,σ ir − rgll + rgll − g jjr = rgii − g jjr /∈ I : ( J l, J k), where l = i, σ i, j, σ j; j = i, σ i,
which is a contradiction. Conjugating g by t = ρi j(r) ( j = σ i), we obtain the matrix t g whose entry
in the position (i, j) equals gij + rgii − g jjr and does not belong to I : ( J l, J k).
Now suppose that a non-diagonal entry gij of t g satisﬁes that gijd /∈ I : ( J l, J k−1) for some
d ∈ J . Set ρ = ρ jh(d), h = σ j, σ i. Comparing the (i,h)th entries of t gρ and ρt g , we see that
gih + gijd ≡ gih (mod I : ( J l, J k−1)) and hence, [t g,ρ] ≡ 12n (mod I : ( J l, J k−1)). Thus, [t g,ρ] /∈
Q2n(R, I : ( J l, J k−1)) by Lemmas 2.3 and 2.4. 
For Banach algebra with 1, we have that 1 + bra invertible for any ﬁxed b,a ∈ R and all real
number r with suﬃciently small |r| (see [8]). In fact, taking r = 1/N with a large integer N (which
depends on b, a), we have that |bra| < 1. Moreover, we claim that
For any ﬁnite set {a1, . . . ,am} (ai ∈ R), one can take d ∈ J with suﬃciently small norm |d| such
that 1±∑aida j ∓∑′akd∗al (the sum is ﬁnite) is invertible. Thus, we have
Lemma 2.7. Suppose that H is a subgroup of Q2n(R), n 3, normalized by EQ2n(R, J ). If H contains a matrix
g which does not lie in CQ2n(R, I : ( J l, J k)), then t H, where t ∈ EQ2n(R), contains a matrix g′ such that
g′ /∈ Q2n(R, I : ( J l, J k−1)) and whose diagonal entries all are invertible.
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EQ2n(R), contains a matrix g which has a non-diagonal entry gij satisfying that gijd /∈ I : ( J l, J k−1)
for some d ∈ J . Take ρ = ρ jh( 1N d), where h = σ j, σ i, and N is a suﬃciently large integer such that
1±∑ gijd′g′hl ∓∑ gr,σh′d′ ∗g′σ j,k (d′ = 1N d) all are invertible for all entries gij , gr,σh in the jth and
σhth columns of g and the entries g′hl , g
′
σ j,k in the hth and σ jth rows of g
−1, respectively. Thus,
g′ = [g,ρ] /∈ Q2n(R, I : ( J l, J k−1)) by Lemma 2.6 and all diagonal entries of g′ are invertible. 
3. Preliminary results
The main step in proving the ‘generalized sandwich theorem’ (see Theorem 1.1) is to show that
H contains a short root element ρi j(a) and then EQ2n(R, J ka J + Ja∗ J k) ⊆ H . In the current section
we show that H contains two short root elements ρ1i(a), ρ1 j(a) (not only one, see Proposition 3.2)
so that the exponent k of the ideal J in EQ2n(R, J
ka J + Ja∗ J k) is lower than that H contains only
one short root element. In general speaking, the lower the exponent k of the ideal J is, the better the
ﬁnal result will be.
Lemma 3.1. Suppose that H is a subgroup of Q2n(R), n 4, normalized by EQ2n(R, J ). If H contains a matrix
g whose ﬁrst column is of the form (1,0, . . . ,0,0, . . . ,0)T and whose (i, j)th entry gij ( j = i, i = 1, j = 1,
n+1) does not lie in I : ( J l, J k), then H contains two short root elements ρ1,r1(a), ρ1,r2(a), where r2 = r1, σ r1
and a /∈ I : ( J l−1, J k−2).
Proof. By the deﬁnition of a quadratic matrix and the assumption, g and g−1 have the following
matrix form: ⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 ∗ · · · ∗ ∗ ∗ · · · ∗
0 ∗
... A1
... B1
0 ∗
0 0 · · · 0 1 0 · · · 0
0 ∗
... C1
... D1
0 ∗
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.1)
Note that gij (i = 1, j = 1, n + 1) is in fact an entry of
(
A1 B1
C1 D1
)
. Choose d1 ∈ J such that d1gij /∈
I : ( J l−1, J k). Then the matrix g1 = [g−1,ρ1i(d1)] /∈ Q2n(R, I : ( J l−1, J k)) and g1 can be written as∏2n
i=2 ρ1i(∗) where ρ1 j(∗) = ρ1 j(d1gij). Choose d2,d3 ∈ J such that d1gijd2d3 /∈ I : ( J l−1, J k−2). Thus,
the two matrices ρ1rh (d1gijd2d3) = [[g1,ρ jl(d2)],ρlrh (d3)] (the lower index h of r takes 1 and 2),
where r1 = l, σ l, j and n + 1, r2 = 1, l, σ l, j, r1, σ r1 and n + 1 (note that 2n  8); moreover, l takes
values from {2, . . . ,2n} except j, σ j and n + 1, lie in H but not in Q2n(R, I : ( J l−1, J k−2)). 
Proposition 3.2. Suppose that H is a subgroup of Q2n(R), n  4, normalized by EQ2n(R, J ). If H contains a
matrix g /∈ CQ2n(R, I : ( J l, J k)), then t H, where t ∈ Q2n(R), contains two short root elements ρ1i(a), ρ1 j(a),
where j = i, σ i, and a /∈ I : ( J l−2, J k−4).
Proof. By Lemma 2.7, taking a d1 ∈ J with suﬃciently small norm |d1|, we can obtain that t1H ,
where t1 ∈ EQ2n(R), contains a matrix g1 = [g,ρ jk(d1)] /∈ Q2n(R, I : ( J l, J k−1)) whose diagonal entries
all are invertible. Further, we may assume that t2t1H , where t2 is a product of some quadratic per-
mutation matrices (see (2.1), (2.2)) and some elementary quadratic matrices, contains a matrix g2
whose (4,2)th entry g42 does not lie in I : ( J l, J k−1) and whose diagonal entries all are invertible.
Let t3 = ρn+1,1(∗)∏i =n+1 ρi1(−gi1g−111 ), where gi1 with 1 i  2n are the entries in the ﬁrst column
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. . . ,0)T and (0, . . . ,0, gn+1,1,0, . . . ,0), respectively.
Taking ρ = ρ23(d2), where d2 satisﬁes g42d2 /∈ I : ( J l, J k−2), we have that t H (t = t3t2t1) contains
g3 = t3[ρ, g2]t−13 = t3ρt−13
(
t3g2ρ
−1g−12 t
−1
3
)
/∈ Q2n
(
R, I : ( J l, Jk−2))
and that the ﬁrst column of g3 is of the form (1, g′21,0, . . . ,0, g′n+1,1,0, g′n+3,1,0, . . . ,0)T .
We need to explain that the (4,3)th entry g′43 of g2ρg
−1
2 ρ
−1 does not lie in I : ( J l, J k−2).
The entry g′43 is equal to g42d2g33 − g4,n+3d∗2gn+2,3 − g42d2g32d2 + g4,n+3d∗2gn+2,2d2, where gij
denote the entries in g−12 . If g′43 ∈ I : ( J l, J k−2), i.e., g42d2g33 − g4,n+3d∗2gn+2,3 ≡ g42d2g32d2 −
g4,n+3d∗2gn+2,2d2 (mod (I : ( J l, J k−2))), replacing d2 by 1N d2 where N is an integer > 1, we
have that N(g42d2g33 − g4,n+3d∗2gn+2,3) ≡ g42d2g32d2 − g4,n+3d∗2gn+2,2d2 (mod (I : ( J l, J k−2)));
hence, (N − 1)(g42d2g33 − g4,n+3d∗2gn+2,3) ≡ 0 (mod (I : ( J l, J k−2))). That means g42d2g33 ≡
g4,n+3d∗2gn+2,3 (mod (I : ( J l, J k−2))). Because g33 can be written as 1 + a1d1b1 − ′a2d∗1b2;
g42, g4,n+3, gn+2,3 can be written as c1id1 f1i −′c2id∗1 f2i (i = 1,2,3) respectively, where a1,a2, c1i, c2i
are the entries of g2 and b1,b2, f1i, f2i are the entries of g
−1
2 , replacing d1 by
1
N d1, we may
have g42d2 ≡ 0 (mod (I : ( J l, J k−2))) by similar arguments as above and direct computation. This
is contradictory to that g42d2 /∈ I : ( J l, J k−2). Moreover, we have that the (4,3)th entry g˜43 of
g−13 = t3g2ρg−12 ρ−1t−13 does not lie in I : ( J l, J k−2) either, because g41g−111 g′1 j ( j = 3,n + 1),
g′4,n+1g∗n+3,1g
∗−1
11 , where −g41g−111 , εg∗n+3,1g∗−111 are the entries in the matrix t3, and g′1 j , g′4,n+1 are
the entries in the matrix g2ρg
−1
2 ρ
−1, respectively, all lie in 〈d1,d∗1〉2 where 〈d1,d∗1〉 = Rd1R + Rd∗1R
(the arguments are similar as above).
Choose d3 ∈ J such that d3 g˜43 /∈ I : ( J l−1, J k−2). Thus, the ﬁrst column of the matrix g4 =
[ρ24(d3), g−13 ] is of the form (1,0, . . . ,0,0, . . . ,0)T and the entry of g4 in the position (2,3) does
not lie in I : ( J l−1, J k−2). Now, t H contains a matrix g4 which satisﬁes the condition of Lemma 3.1.
Applying Lemma 3.1, we obtain that t H contains two short root elements ρ1i(a), ρ1 j(a) where i = 3;
j = 3, i, σ i, and a /∈ I : ( J l−2, J k−4). 
Proposition 3.3. Let H be a subgroup of Q2n(R,Λ), n 4, normalized by EQ2n(R, J ). If H contains two short
root elements ρ1i(a) where i takes two distinct values from {2, . . . ,2n} except for n + 1 and the pair (i, σ i),
then
EQ2n
(
R, J2a J + Ja∗ J2)⊆ H .
Proof. It is known that EQ2n(R, J2a J + Ja∗ J2) is generated by all ρi j(ζ )ρ ji(b)ρi j(−ζ ), where
ζ ∈ R and b ∈ J2a J + Ja∗ J2. Since every element in Γ ( J2a J+ Ja∗ J2)min is generated by d3d2ad1 −
ε′d∗1a∗d∗2d∗3 and {d3d2ad1ξd∗1a∗d∗2d∗3 | ξ ∈ Λ}, where d1,d2,d3 ∈ J , we need to only show that all
ρi j(ζ )ρ ji(d3d2ad1)ρi j(−ζ ) with j = σ i, and all ρi,σ i(ζ )ρσ i,i(x)ρi,σ i(−ζ ) where ζ ∈ Λ, x = d3d2ad1 −
ε′d∗1a∗d∗2d∗3 or x = d3d2ad1ξd∗1a∗d∗2d∗3, lie in H .
Without loss of generality we assume that ρ1i(a) where i = 2,3 are contained in H .
By (ii) and (iii) of Lemma 2.1, ρ1 j(ad1) = [ρ1i(a),ρi j(d1)] for all 2  j = n + 1  2n, ρli(d1a) =
[ρl1(d1),ρ1i(a)], where l = n + 1, i = 2,3, lie in H . Applying Lemma 2.1, we have that H contains the
following elementary quadratic matrices:
ρlk(d1ad2) =
[
ρli(d1a),ρik(d2)
]
, l = n + 1, 1 k = σ l 2n, i takes 2 or 3, (3.2)
ρn+1,k(d2d1a) =
[
ρn+1,l(d2),ρlk(d1a)
]
, k = 2,3, (3.3)
ρl,σ l
(
d1ad2 − ε′d∗2a∗d∗1
)= [ρlk(d1a),ρk,σ l(d2)], k takes 2 or 3, l = n + 1. (3.4)
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ρi,σ i(d3d2ad1ξd∗1a∗d∗2d∗3) (ξ ∈ Λ) lie in H by applying Lemma 2.1. Now, we distinguish two cases.
Case 1. For short root elements, choosing k = n + 1, i, j, σ i, σ j, we have
ρi j(δ)ρ ji(d3d2ad1)ρi j(−δ) (δ ∈ R)
= ρi j(δ)
[
ρ jk(d3),ρki(d2ad1)
]
ρi j(−δ)
= [ρi j(δ)ρ jk(d3)ρi j(−δ),ρi j(δ)ρki(d2ad1)ρi j(−δ)].
From (3.2), ρi j(δ)ρki(d2ad1)ρi j(−δ) = ρkj(−d2ad1δ)ρki(d2ad1) ∈ H . Because ρi j(δ)ρ jk(d3)ρi j(−δ) ∈
EQ2n(R, J ), we have that ρi j(δ)ρ ji(d3d2ad1)ρi j(−δ) ∈ H .
Case 2. For long root elements,
ρi,σ i(ζ )ρσ i,i
(
d3d2ad1 − ε′d∗1a∗d∗2d∗3
)
ρi,σ i(−ζ ) (ζ ∈ Λ)
= [ρi,σ i(ζ )ρσ i,k(d3)ρi,σ i(−ζ ),ρi,σ i(ζ )ρki(d2ad1)ρi,σ i(−ζ )] (k = n + 1, i,σ i)
= [ρi,σ i(ζ )ρσ i,k(d3)ρi,σ i(−ζ ),ρk,σ i(−d2ad1ζ )ρki(d2ad1)] ∈ H
by Case 1. And
ρi,σ i(ζ )ρσ i,i
(
d3d2ad1ξd
∗
1a
∗d∗2d∗3
)
ρi,σ i(−ζ ) (ζ, ξ ∈ Λ)
= ρi,σ i(ζ )ρσ i,σ j
(−d3d2ad1ξd∗1a∗d∗2)[ρσ i, j(d3),ρ j,σ j(d2ad1ξd∗1a∗d∗2)]ρi,σ i(−ζ ),
since j = i, σ i, ρi,σ i(ζ ) commutes with ρ j,σ j(d2ad1ξd∗1a∗d∗2), we obtain that
ρi,σ i(ζ )ρσ i,i
(
d3d2ad1ξd
∗
1a
∗d∗2d∗3
)
ρi,σ i(−ζ ) ∈ H
by Case 1. 
Remark 3.4. If H contains only one short root element, say ρ12(a), then we cannot obtain that
ρ12(ad1) ∈ H and ρ23(d2d1a) ∈ H . This will effect the conclusion of Proposition 3.3, namely, the sum
of the exponents of J in EQ2n(R, J
ka J + Ja∗ J k) should be 4, not 3. In [14], the author showed that
EQ2n(a J4 + a∗ J4) ⊆ H for commutative rings.
4. Proof of main theorem
Proof of Theorem 1.1. Suppose that H  CQ2n(R, I : ( J4, J5)). By Proposition 3.2 there exist two short
root elements ρ1i(a) ∈ H where a /∈ I : ( J2, J ), i takes two distinct values from {2, . . . ,2n} except
for n + 1 and the pair (i, σ i). Then, by Proposition 3.3, EQ2n(R, J2a J + Ja∗ J2) ⊆ H . However, a /∈ I :
( J2, J ), hence, J2a J + Ja∗ J2  I .
Thus,
EQ2n(R, I) ⊂ EQ2n
(
R, I + ( J2a J + Ja∗ J2))⊆ H,
which is a contradiction to the maximality of the ideal I with the property EQ2n(R, I) ⊆ H .
Remark 4.1. The invertibility of 2 in R implies that Γ I = Γ Imin = Γ Imax for any parameter Γ I of a ∗-
invariant ideal I ⊆ R . Thus, it is unnecessary to describe the parameter for the form ideal (I : ( J4, J5),
Γ (I:( J4, J5))).
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the smallest form ideal of (R,Λ) with the property H ⊆ CQ2n(R, I). Thus,
EQ2n
(
R, J4 I J5 + J5 I J4)⊆ H .
Proof. Let (B,Γ B) be the largest form ideal of (R,Λ) such that EQ2n(R, B) ⊆ H . By Theorem 1.1,
H ⊆ CQ2n
(
R, B : ( J4, J5)).
Since (I,Γ I ) is the smallest form ideal of the form ring (R,Λ) with the property H ⊆ CQ2n(R, I), we
have I ⊆ B : ( J4, J5). That implies J4 I J5 + J5 I J4 ⊆ B . 
Let H be a subgroup of Q2n(R,Λ). We use L(H) to denote the largest ∗-invariant ideal B of R
such that EQ2n(R, B) ⊆ H . Similarly, U(H) denotes the smallest ∗-invariant ideal A of R such that
H ⊆ CQ2n(R, A).
The following theorem is an analog of Theorem 6 in [9] for linear group.
Theorem 4.3. Let G be a subgroup of Q2n(R,Λ) containing EQ2n(R,Λ) with n 4, and let H be a subnormal
subgroup of G. Thus,
H d G for some integer d implies that U(H)m ⊆ L(H), where m = (9d − 1)/8.
Proof. The proof is by induction on d. If d = 0 then H = G and L(H) = (R,Λ) ⊇ U(H)0. Now assume
that d > 0. Let H = Hd  Hd−1 = H ′ d−1 G . By the induction hypothesis, U(H ′)m′ ⊆ L(H ′) where
m′ = (9d−1 − 1)/8. Set D = U(H)m′ .
Because U(H) ⊆ U(H ′), we have D ⊆ U(H ′)m′ ⊆ L(H ′) and EQ2n(R, D) ⊆ EQ2n(R, L(H ′)) ⊆ H ′ . Since
H  H ′ , H is normalized by EQ2n(R, D). By Corollary 4.2, we obtain that EQ2n(R, D4U(H)D5 +
D5U(H)D4) ⊆ H (see the deﬁnition of U(H)). Hence, EQ2n(R,U(H)m) ⊆ H , where m = 9m′ + 1 =
(9d − 1)/8. By the maximality of L(H), we have that U(H)m ⊆ L(H). 
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